In this paper, the necessary and sufficient conditions of optimality for variational problems with Caputo partial fractional derivative are established. Fractional Euler-Lagrange equations are obtained. The Legendre condition and Noether's theorem are also presented.
Introduction
Since the introduction of fractional calculus of variations by Riewe [1] , fractional calculus has been a subject of interest not only among mathematicians, but also among fluid mechanics, electricity and finance specialists, chemical physicists, biomedical engineering specialists, and control theory specialists.
Considerable progress has been made to determine necessary and sufficient conditions that any extremal for the variational functional with fractional calculus must satisfy in recent years. R. Almeida [2] provides necessary and sufficient conditions of optimality for variational problems that deal with a fractional derivative with respect to another function. Almeida established the fractional Euler-Lagrange equations for the fundamental problem and when in presence of an integral constraint and Almeida obtained a Legendre condition. In [3] Almeida studied certain problems of calculus of variations that are dependent upon a Lagrange function on a Caputo-type fractional derivative; sufficient and necessary conditions of the first-and second-order are presented. In [4] Zhang Jianke, Ma Xiaojue, and Li Lifeng studied the necessary and sufficient optimality conditions for problems of the fractional calculus of variations with a Lagrange function depending on a Caputo-Fabrizio fractional derivative. In [5] Almeida et al. obtained necessary optimality conditions for variational problems with a Lagrangian depending on a Caputo fractional derivative and indefinite integral. There has been a significant development in ordinary and partial fractional differential equations in recent years [6] [7] [8] [9] . D. Tavares et al. in [10] presented two fractional isoperimetric problems where the Lagrangian depends on a combined Caputo derivative of variable fractional order and presented a new variational problem subject to holonomic constraint.
Noether's symmetry, namely, the invariance of Hamilton action under the infinitesimal transformations, is put forward for the first time by Noether [11] . In [12] Frederico et al. obtained a generalization of the Noether theorem for Lagrangians depending on mixed classical and Caputo derivatives that can be used to obtain constants of motion for dissipative systems. In [13] the Noether theorem and its inverse theorem for the nonlinear dynamical systems with nonstandard Lagrangians are studied. In [14] a variational principle for Lagrangian densities containing derivatives of real order was formulated and the invariance of this principle is studied in two characteristic cases. In [15] Yan B. et al. studied Noether's symmetries and conserved quantities of the Birkhoffian systems in terms of fractional derivatives of variable order.
In this paper, we extend the study to variational problems involving partial fractional derivatives. Our aim is to obtain
Preliminaries
In this section, we will recall some basic concepts and preliminary results on fractional calculus, needed in the sequel. To fix notation, in the following
is the boundary of .
Definition (Riemann-Liouville fractional integrals, [12] ). The left and right Riemann-Liouville fractional integrals of order for the function ( ) are defined, respectively, as
where Γ is the gamma function.
Definition (Riemann-Liouville fractional derivatives, [12] ). The left and right Riemann-Liouville fractional derivatives of order for the function ( ) are defined, respectively, as
Remark . The Riemann-Liouville fractional derivative of a constant need not to be zero.
Definition (Caputo fractional derivatives, [12] ). The left Caputo fractional derivative of ( ) of order ∈ (0, 1) is defined by
If is of class 1 , then we have the equivalent form
while the right Caputo fractional derivative of ( ) of order ∈ (0, 1) is given by
Remark . The Caputo derivative exhibits an important feature: the derivative of a constant is zero.
Definition (partial Riemann-Liouville integrals, [9] ). Let ∈ (0, 1) and ∈ 1 ( ). The left and right partial RiemannLiouville integrals of order ∈ (0, 1) of ( , ) with respect to are defined, respectively, by the expression
for almost all ( , ) ∈ . Analogously, we define the integrals
for almost all ( , ) ∈ .
Definition (partial Riemann-Liouville derivatives, [9] ). Let ∈ (0, 1) and ∈ 1 ( ). The left and right partial RiemannLiouville derivatives of order ∈ (0, 1) of ( , ) with respect to are defined, respectively, by the expression
,
for almost all ( , ) ∈ . Analogously, we define the derivatives
Definition (partial Caputo fractional derivative, [9] ). Let ∈ (0, 1) and ∈ 1 ( ). The left and right partial Caputo fractional derivatives of order ∈ (0, 1) of ( , ) with respect to are defined, respectively, by the expression ( , ) (11) for almost all ( , ) ∈ . Theorem 9. Let ( , ) be a continuous function and ( , ) be of class 1 ; then
and
Proof.
Analogously, we obtain
Theorem 10 (see [16] ).
The Variational Problem
The aim of this section is to study problems of fractional calculus of variations, where the integral functional depends on the partial Caputo fractional derivative. Given ( , ) ∈ 1 ( ), we define the functional
with the following assumptions: 
. . e Fundamental Problem
Theorem 11. Suppose that * ( , ) is a local minimizer for as in ( ), defined on
where
Proof. Let ( , ) + ( , ) be a variation of ( , ), with | | ≪ 1, ( , ) ∈ 1 ( ) ∩ , and ( , )| = 0. We define the function ℎ in a neighborhood of zero by the expression
Since * is a minimizer of , then = 0 is a minimizer of ℎ, and so ℎ (0) = 0. Differentiating ℎ at = 0 and using Theorem 9, we obtain
Since ( , )| = 0 and ( , ) is arbitrary elsewhere, we conclude that
Remark . Equation (20) is called the Euler-Lagrange equation associated with the functional . Solutions of this equation are called extremals.
Remark . If we define functional
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. . e Legendre Condition. In [17] , a second-order necessary condition had been proved for functionals involving Riemann-Liouville fractional derivatives.
In this section, we give a second-order necessary condition, usually called Legendre condition, for functionals involving Riemann-Liouville partial fractional derivatives.
We introduce the functional
with the same assumptions on as in Section 3.1. for almost all ( , ) ∈ .
Proof. Let * ( , ) + ( , ) be a variation of * ( , ), with | | ≪ 1, ( , ) ∈ 1 ( ) ∩ , and ( , )| = 0. We define the function ℎ in a neighborhood of zero by the expression ℎ( ) = ( * + ). Then, we have ℎ (0) ≥ 0; that is,
Assume that the Legendre condition is violated at some ( 0 , 0 ) ∈ ; i.e., 
Then, ℎ( , ) is of class 1 , and
Moreover, for every ( , ) ∈ ,
and 
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By the properties of function ℎ( , ), we have ( , ) ∈ 1 ( ), | = 0, and
Bringing this variation into (28), we get
If | − | ≪ | − | ≪ 1, there arises a contradiction. Hence, (27) holds. In the same manner, we can get (26).
. . e Fractional Variational Problem with Holonomic Constraint. Consider the functional defined by
on the spacẽ
subject to
where ∈ ([ , ]), ( = 1, 2) and ∈ ([ , ]), ( = 1, 2). For simplicity, we denote
Assume the Lagrangian in (38) satisfies the following conditions:
(iii) : × 6 → is continuously differentiable with respect to its th argument, for = 3, 4, ⋅ ⋅ ⋅ 8;
Journal of Function Spaces 7 (iv) Given any functions 1 ( , ), 2 ( , ) ∈ , the maps Proof. Consider a variation of * ( , ) of type * + , with | | ≪ 1, and = ( 1 , 2 ) ∈ 1 ( ) × 1 ( ), satisfying the boundary conditions ( , )| = 0, ( = 1, 2). By
and the implicit function theorem, there exists a subfamily of variations satisfying restriction equation (43). That is, there exists a unique function 2 ( , 1 ) such that ( * 1 + 1 , * 2 + 2 ) satisfies (43). Hence, for all ( , ) ∈ , we have
Differentiating (48) with respect to and putting = 0, we get
Define the function
On the other hand, since * is a minimizer of , the first variation of must vanish;
Integrating by parts and ( , )| = 0, ( = 1, 2), we obtain
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Since 1 ( , ) is arbitrary, we have that * is a solution of the equation
At the same time, by (50), we obtain the second condition
. . Isoperimetric Problem. Let be constant and : × 3 → be a continuously differentiable function with respect to its -th argument, for = 3, 4, 5. For any function ∈ 1 ( ), the maps
are continuous. We now consider a new isoperimetric type problem with the isoperimetric constraint as follows: 
where the function : × 3 → is defined by = + .
Proof. Consider a variation of two parameters * + 1 1 ( , ) + 2 2 ( , ), with | | ≪ 1 and ( , ) ∈ 1 ( ) satisfying ( , )| = 0, = 1, 2. Define the functions and with two parameters ( 1 , 2 ) in a neighborhood of zero as
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Since * is not an extremal of ( ), there exists a function 2 ( , ) such that ( / 2 )(0, 0) ̸ = 0. An application of the implicit function theorem implies that there exists a subfamily of variations satisfying the integral constraint.
On the other hand, (0, 0) is a minimize of , under the restriction (⋅, ⋅) = 0, and we just proved that ∇ (0, 0) ̸ = 0. By the Lagrange multiplier rule, there exists a real number such that ∇( + )(0, 0) = (0, 0). In particular, ( / 1 )( + )(0, 0) = 0. Since 1 ( , )| = 0, we have
[ * ] ( , )) 
Examples
Example . Consider the functional 
We see that * = +
satisfies these conditions. Also, using the Legendre condition, a local minimizer for the functional must verify (26) and (27), which for our example is verified. In fact, If the transformation is ( , , ) = (0, 0, ), where is arbitrary constant, then the fractional integral functional is invariant under Definition 19. In fact, the transformation satisfies (87).
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